This paper addresses an overview on the recent development of the area known as the tropical geometry. In particular we point out combinatorial aspect of the field. After a brief introduction to tropical algebra we discuss tropical hypersurfaces and applications in enumerative geometry.
Introduction
The tropical geometry is a very new area in mathematics, that is in essence closely related to algebraic geometry. While rapid development of the area begins with this century, its leading ideas had appeared in earlier works of G. M. Bergman and others. Recent significant contribution to the theory has been made by G. Mikhalkin in particular within the paper that can be understand as foundation of enumerative algebraic geometry (see [17, 18, 19, 21] ).
It is worth mentioning that the attribute "tropical" has no any intuitive meaning related to the theory but was coined by French mathematicians in honor of the Brazilian DOI: https://doi.org/10.5592/CO/CCD.2016.05 mathematician Imre Simon, who contributes to the field [24] . In what follows we are firstly concerned with tropical arithmetic and its relations to classical arithmetic. Then we give an example of tropical geometry and combinatorial mathematics. Besides we define tropical curves and correlation with enumerative algebraic geometry.
We also presents recent results of Maclagan and Sturmfels (see [16] ) and Mikhalkin (see [19] ). For further introduction to tropical geometry one can look at references [2, 6, 10, 14, 23, 25, 26, 27] . A more advanced reader may refer to [3, 15, 20] .
As an introduction to the field we present basic ideas and facts of tropical algebra. The set of tropical numbers is defined as T = R ∪ {∞} whereas operations of tropical addition and multiplication on T are defined as
with the usual conventions when one of the operands is ∞ [16] . For example, we have 3 ⊕ 5 = 3, 3 ⊙ 5 = 8. The set T equipped with these operations form a tropical semiring (R, ⊕, ⊙) or the min-plus algebra. In this triple one can replace the operation of minimum by maximum to get the isomorphic max-plus algebra. Many of axioms from arithmetic remain also in tropical algebra. As it is the case in classical algebra, we abbreviate multiplication x ⊙ y by xy.
Having in mind that zero is the neutral element in respect to multiplication, for the coefficients in Pascal triangle we have When applying the binomial theorem on the third row of the triangle we get (x⊕y) 3 = (x⊕y)⊙(x⊕y)⊙(x⊕y) = 0⊙x 3 ⊕0⊙x 2 y⊕0⊙xy 2 ⊕0⊙y 3 = x 3 ⊕x 2 y⊕xy 2 ⊕y 3 and furthermore (x ⊕ y)
Clearly, in classical arithmetic we have 3 · min{x, y} = min{3x, 2x + y, x + 2y, 3y} = min{3x, 3y}
for every x, y ∈ R. A simple generalization of this statement give as a tropical version of the binomial theorem,
Over the tropical semiring, we can define a linear algebra operations of adding and multiplying vectors and matrices in the usual way. For instance,
We let x 1 , x 2 , . . . , x n be elements of (T, ⊕, ⊙). Then one can define both monomials and polynomials in these variables on the tropical algebra. A tropical polynomial p in n variables is defined as the function p : R n → R,
According to the definition of tropical addition and multiplication we also have
The following Lemma 1 tell us that a graph of tropical polynomial is consisted by linear functions.
Lemma 1 Tropical polynomials in n variables x 1 , . . . , x n are linear piecewise concave functions on R n with integer coefficients.
The values of arguments of tropical polynomial function p in the breakpoints where p fails to be linear are zeros of p, the so-called hypersurface V (p). As a concrete example of a tropical polynomial in one variable we consider
The graph of this function consists of four lines: y = 3x + 3, y = 2x + 1, y = x + 2 and y = 4 (see Figure 1 ) and related hypersurface is V (p) = {−2, 1, 2}. The fundamental theorem of algebra holds true also in tropical algebra, thus tropical polynomial function can be whiten as a tropical product of linear functions. In this particular example zeros are −2, 1, 2 so we have
Shortest path, tropical distance and volume
We let G denote a directed graph with n nodes that are labeled by 1, 2, . . . , n. Every directed edge (i, j) in G has an associated length d ij ∈ R ≥0 . If (i, j) is not an edge of G then we set d i,j = +∞. We represent the weighted directed graph G by its n × n adjacency matrix D G ,
Off-diagonal entries are the edge lengths d ij . The matrix D G need not be symmetric. Now, consider the n × n matrix which is obtained from topically multiplying the given adjacency matrix D G with itself n − 1 times
The problem of finding shortest paths in a weighted directed graph G is solved in the following Lemma 2.
Lemma 2 Let G be a weighted directed graph on n nodes with n × n adjacency matrix D G . The entry of the matrix D ⊙n−1 G in row i and column j equals the length of a shortest path from node i to node j in G.
For r ≥ 0, a recursive formula for the length of a shortest path from node i to node j which uses at most r edges in G we can write in the following way:
This recursion is used in the Floyd-Warshall algorithm. This algorithm is known as the fastest algorithm for finding shortest paths in a weighted graph. For us, running that algorithm means performing the matrix multiplication
In this section we will still define tropical distance and tropical volume. For more see [4, 5] . For two points v, w ∈ T d the tropical distance is the number
This number is given in [4, 5] and he is the Euclidean distance in the tropical setting.
Let A = (a ij ) ∈ T d×d be a square matrix. Tropical volume of A is given as the expression
where σ opt is a permutation for which a i,σopt(i) coincides with the tropical determinant of A. Tropical determinant is defined in the following way
Tropical curves in T 2
In the introduction we consider a graph of a tropical polynomial in one variable and have seen that such a graph is a collection of linear concave functions. Naturally an extension of this notion within polynomials of any degree and any number of variables lead to tropical curves.
A tropical line of a 2-variable polynomial p is a hypersurface V (p) of the first degree p, In the same fashion one can study tropical quadratic curves as well as the other higher order curves. In general, tropical curve defined by p(x, y) is a graph having defined the weight function on the edges, and this function is defined by means of the polynomial degree and the coefficients [2] .
As an even more illustrative example let us consider a quadratic curve, defined by the polynomial p(x, y) = a ⊙ x 2 ⊕ b ⊙ xy ⊕ c ⊙ y 2 ⊕ d ⊙ y ⊕ e ⊕ f ⊙ x. To draw the related curve one have to take into account 15 constraints arising from the definition of polynomial, which give the curve having three segments and six semi-lines. The Figure  2 b) shows a tropical conic defined by
The following Lemma 3 summarizes the salient features of a plane tropical curve.
Lemma 3
The curve V (p) is a finite graph that is embedded in the plane R 2 . It has both bounded and unbounded edges, all edge slopes are rational, and this graph satisfies a balancing condition around each node. Below we give another way we can describe the tropical curves. The Newton polygon of the implicit equation f (x, y) is the convex hull in R 2 of all points (i, j) ∈ Z 2 such that x i y j appears with non-zero coefficient in the expansion of f (x, y).
Lemma 4
We let p is a tropical polynomial. Then V (p) is a planar graph which is a dual of regular subdivision of the Newtonian polygon N ewt(p). [16, 22] . There are some facts known about intersection of two curves of a certain degree. We have it by the following Bézout's theorem (see [1, 9] ).
Theorem 5 (Bézout)
We let C and D be two tropical curves of the degrees c and d in R 2 . If these curves intersect transversely then the number of intersecting points, counted with multiplicity, is equal to cd.
On the other hand, it is possible that the two curves have no neither transversal nor finite intersection. This possibility is called stable intersection and more details on it one can find at [16] . 
Gromov-Witten invariants
A complex algebraic curve is the set of zeros of a homogeneous polynomial P (x, y, z) = 0 in the complex projective space P 2 . The degree of a complex algebraic curve is simply the degree of the polynomial P (x, y, z) [7] .
The central subject of the enumerative geometry is to determine Gromov-Witten invariants. This invariant counts how many of complex algebraic curves of a given degree and genus are incident with certain number of points. It is proven by G. Mikhalkin that complex algebraic curves can be replaced by tropical curves in that sense and he used this fact to derive combinatorial expression for the number of curves in the tropical case [8, 12, 13, 16] .
Recall that if C is a smooth curve of the degree d in the projective plane P 2 , then its genus g(C) is equal to
We also have
The set of all curves of the degree d forms projective space of the dimension
We let C sing denote a singular curves having ν knots. Then for its genus we have g(C sing ) = N g,d of irreducible curves of genus g and degree d, which are incident with g + 3d − 1 general points in a complex projective plane P 2 . It is remarkable fact that the number N g,d can be found and it can be done by methods of tropical geometry. In particular we have the following theorem, known as the Mikhailkin theorem of correspondence.
Now, the question arising is what is the number

Theorem 6
The number of irreducible tropical curves of the degree d and genus g which are incident with g + 3d − 1 general points in R 2 , where each curve is counted with multiplicity, is equal to the Gromov-Witten number N g,d of the complex projective plane P 2 .
In order to illustrate this statement let us list several values of the Gromov-Witten invariants. The simplest Gromov-Witten invariants are N 0,1 = 1 and N 0,2 = 1. It state that a unique line passes through two points, and that a unique quadric passes through five points. The first non-trivial number is N 0,3 = 12. We will explain it briefly. Let curves be defined as cubic polynomials
For general coefficients c 0 , c 1 , . . . , c 9 , the curve {f = 0} is smooth of genus g = 1. The curve becomes rational, i. 
Discriminants (7) is calculated using [11] . Further, suppose the cubic {f = 0} is required to pass through eight given points in P 2 . This translates into eight linear equations in c 0 , c 1 , . . . c 9 . Combining the equation ∆(f ) = 0 with the eight linear equations, we obtain a system of equations that has 12 solutions in P 9 . These solutions are the coefficient of the N 0,3 = 12 rational cubics we seek.
The other non-trivial numbers are N 3,4 = 1, N 2,4 = 27, N 1,4 = 255, N 0,4 = 620. When g = 0 these values satisfy a nice recurrence relation
Concluding remarks
Tropical geometry is a rather new field at the interface between algebraic geometry and combinatorics, and with connections to many other fields. Respectively it is a linear version of algebraic geometry in which polynomials are replaced with piecewise-linear functions, and their zero sets into polyhedral complexes. As such, it is suitable to study using the aid of combinatorics. It has shown that many algebraically difficult operations become easier in the tropical setting, as the structure of the objects seems to be simpler. Because of that tropical geometry has found significant applications, in particular in dynamic programming. In enumerative geometry many open problems are solved using ideas of tropical geometry. It also takes a role in physics, since it appears in the study of the string theory.
